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Introduction

Exponential Smoothing methods are very popular in forecasting

They performed very well in many competitions:

• M-Competitions in 1982, 2000, 2019, 2020, (Makridakis
et al., 1982; Makridakis and Hibon, 2000; Makridakis et al.,
2020a,b)

• Competition on telecommunication data in 1998 and 2008
(Fildes et al., 1998),

• Tourism forecasting competition in 2011, (Athanasopoulos
et al., 2011)
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Introduction

Hyndman et al. (2008) proposed a taxonomy that includes:

• 2 types of error terms (additive and multiplicative);

• 5 types of trend components (none, additive, multiplicative,
damped additive and damped multiplicative);

• 3 types of seasonality (none, additive, multiplicative).

In theory it leads to 30 types of ETS models

Model selection procedure based on IC is widely used.
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Introduction

All the models in that taxonomy rely on Normal distribution.

This is an issue, when you deal with low level data.

On low level data the variance might become large

This will lead to issues with the model and its forecasts
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Introduction

Akram et al. (2009) studied properties of multiplicative models

They mentioned several possibilities for the distributions of the
error term:

1. normal, N ,

2. truncated normal,

3. log normal, logN ,

4. Gamma, Γ.

They never investigated the idea further

Ivan Svetunkov, John E. Boylan ISF2021

How to Make Multiplicative ETS Work for You



Introduction Properties of ETS(M,*,*) Distributions Experiment Finale References

Introduction

We feel that multiplicative ETS models have been overlooked

They are useful but they have not been developed properly

Their properties are not very well known to wide audience

We want to make them work
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Properties of ETS(M,*,*)

ETS can be considered as a LEGO kit (analogy by Kandrika
Fadhlan Pritularga).
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Properties of ETS(M,*,*)
We can start with a level of series:

yt = lt−1
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Properties of ETS(M,*,*)
Add multiplicative error term:

yt = lt−1(1 + εt)
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Properties of ETS(M,*,*)
Add multiplicative trend:

yt = lt−1bt−1(1 + εt)
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Properties of ETS(M,*,*)

Let’s take ETS(M,M,N) as an example.

It produces the point forecasts via: ŷt+h|t = ltb
h
t
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Properties of ETS(M,*,*)

Did you know that this is not a conditional expectation?

Hyndman et al. (2008) mention this on page 23.

They mention that the bias between point forecast and expectation
might increase with the increase of h.

But they claim that it will be typically small.
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Properties of ETS(M,*,*)

To investigate this further, we formulate pure multiplicative models
as:

log yt =w′ log(vt−l) + log(1 + εt)

logvt =F logvt−l + log(1k + gεt)
, (1)

where yt is the actual value on observation t, w is the
measurement vector, vt is the state vector, F is the transition
matrix, g is the persistence vector, εt is the error term, l is the lag
vector, 1k is the vector of ones of the size k.
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Properties of ETS(M,*,*)

This gives exactly the same models as in Hyndman et al. (2008).
For example, ETS(M,Md,N):

log yt = log lt−1 + φ log bt−1 + log (1 + εt)

log lt = log lt−1 + φ log bt−1 + log(1 + αεt)

log bt =φ log bt−1 + log(1 + βεt)

, (2)

is equivalent to (after taking exponent):

yt =lt−1b
φ
t−1 (1 + εt)

lt =lt−1b
φ
t−1(1 + αεt)

bt =bφt−1(1 + βεt)

. (3)
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Properties of ETS(M,*,*)

The conditional expectation in logarithms is:

E(log yt+h|t) = log lt + h log bt+

h−1∑
j=1

w′Fj−1E (log (1k + gεt+h−j)) + E (log (1 + εt+h)) . (4)

The point forecast from this model is:

ŷt+h|t = exp(log lt + h log bt) = ltb
h
t (5)

In general E(log(1k + giεt+h−j)) ≥ 0k
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Properties of ETS(M,*,*)

And according to Jensen’s inequality E(yt+h|t) ≥ exp(E(log yt+h|t))

So, the expectation will be typically greater than point forecasts.

So for ETS(M,*,*) models we will have:

ŷt+h ≤ y̌t+h ≤ µy,t+h (6)

(point forecast ≤ geometric mean ≤ expectation).

They will be equal only when either:

• h = 1,

• or α = β = γ = 0.
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An example of ETS(M,M,N) on the N2703 from M3

N2703
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(b) Difference between the
expectation and point forecast on
the series.
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Properties of ETS(M,*,*)

Several take-aways from a side experiment:

• the increase of φ leads to the highest increase in bias,

• this is followed by β,

• and then forecast horizon,

• the impact of α on bias is the smallest,

• if variance is low (high value data), this is not important...

• ...but on low level data, it’s not!

Use simulations for expectations!

Already done in adam() from smooth.
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Distributions for ETS(M,*,*)

Now, what was that about Normal distribution?

Hyndman et al. (2008) assume that: εt ∼ N (0, σ2)

This implies that: 1 + εt ∼ N (1, σ2)

This works fine on high level data.

But breaks on the low values.

Note! ETS models rely on E(1 + εt) = 1

If this is violated, the transition equation might break.
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Distributions for ETS(M,*,*)
We can have the following options for 1 + εt:

N (µ, σ2) IG(µ, σ2) logN (µ, σ2) Γ(ξ, σ2)

Support (−∞,∞) (0,∞) (0,∞) (0,∞)

Mean µ µ eµ+
σ2

2 ξσ2

Variance σ2 σ2µ3 (eσ
2 − 1)e2µ+σ

2
ξσ4

Skewness 0 3
√
µσ (eσ

2
+ 2)

√
eσ2 − 1 2√

σ2

Kurtosis 3 15µσ2 e4σ
2

+ 2e3σ
2

+ 3e2σ
2 − 3 6

ξ

Parameters
restrictions in ETS

µ = 1 µ = 1 µ = −σ2

2 ξ = 1
σ2

Table: Comparison of several distributions. µ is the location, σ2 is the
scale and ξ is the shape parameters.
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Distributions for ETS(M,*,*)

logN , IG and Γ are more flexible than N .

They have flexible skewness and kurtosis.

They converge to N with the increase of level of data.

IG has fatter tail than Γ and logN .
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Distributions for ETS(M,*,*)

Given the restrictions, the log-likelihoods will be:

Distribution of 1 + εt log-likelihood

N (1, σ2) `
(
θ, σ2|y

)
= −T

2 log
(
2πσ2

)
− 1

2σ2

∑T
t=1 ε

2
t −

∑T
t=1 logµy,t

IG(1, σ2) `
(
θ, σ2|y

)
= −T

2 log
(
2πσ2

)
− 1

2σ2

∑T
t=1

ε2t
1+εt
− 3

2

∑T
t=1 log yt

logN
(
−σ2

2 , σ
2
)

`
(
θ, σ2|y

)
= −T

2 log
(
2πσ2

)
− 1

2σ2

∑T
t=1

(
log(1 + εt) + σ2

2

)2
−
∑T

t=1 log yt

Γ
(
σ−2, σ2

)
`
(
θ, σ2|y

)
= −T log Γ

(
σ−2

)
− T

σ2 log σ2 + 1
σ2

∑T
t=1 log

(
1+εt

exp(1+εt)

)
−
∑T

t=1 log yt

Table: θ is the vector of all estimated parameters y is the vector of
actual values, µy,t is the one step ahead conditional expectation of the
model and T is the sample size.

Ivan Svetunkov, John E. Boylan ISF2021

How to Make Multiplicative ETS Work for You



Introduction Properties of ETS(M,*,*) Distributions Experiment Finale References

Distributions for ETS(M,*,*)

The estimates of scale for each distribution:

• N : σ̂2 = 1
T

∑T
t=1 ε

2
t ;

• IG: σ̂2 = 1
T

∑T
t=1

ε2t
1+εt

;

• logN : σ̂2 = 2

(
1−

√
1− 1

T

∑T
t=1 log2(1 + εt)

)
;

• Γ: σ̂2 = 1
T

∑T
t=1 ε

2
t .
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Distributions for ETS(M,*,*)

ETS works perfectly with all these distributions.

What is different:

• Estimates of parameters,

• Fit,

• Prediction intervals.

Having likelihoods, we can select between the distributions and
choose the most suitable.

This is already implemented in adam() from smooth.
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An experiment. The data

Weekly data of a retailer – 1606 series, 111 observations
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An experiment. The models

ETS with distributions discussed above

+ Selection between pure multiplicative ETS models with:

• logN ,

• IG,

• Γ.

+ Point forecasts

Done via adam() and auto.adam() from smooth.

With horizon of 6 weeks ahead
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An experiment. The error measures

1. MASE from Hyndman and Koehler (2006),

2. RMSSE from M5 (Makridakis et al., 2020b),

3. sMIS from M4 (Makridakis et al., 2020a),

4. Coverage of prediction intervals.

(1) is needed for point forecasts, just in case they are geometric
mean

(2) is needed to see arithmetic means performance
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An experiment. Mean values

MASE RMSSE sMIS Coverage

ETS Normal 0.890 0.793 2.482 0.931
ETS Point Normal 0.887 0.791

ETS LogNormal 0.991 0.874 3.156 0.942
ETS Point LogNormal 1.036 0.918

ETS Gamma 0.992 0.874 2.759 0.927
ETS Point Gamma 1.022 0.901

ETS IG 1.021 0.902 3.248 0.916
ETS Point IG 1.109 0.977

ETS Auto 0.994 0.879 2.974 0.926
ETS Point Auto 1.041 0.921
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An experiment. Mean values
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An experiment. Mean values

MASE RMSSE sMIS Coverage

ETS Normal 0.890 0.793
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An experiment. Median values

MASE RMSSE sMIS

ETS Normal 0.741 0.683 1.689
ETS Point Normal 0.741 0.685

ETS LogNormal 0.753 0.686 1.970
ETS Point LogNormal 0.754 0.687

ETS Gamma 0.743 0.683 1.712
ETS Point Gamma 0.744 0.683

ETS IG 0.749 0.687 1.765
ETS Point IG 0.749 0.690

ETS Auto 0.746 0.685 1.706
ETS Point Auto 0.746 0.687

Not clear, which is better...
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An experiment. MCB on RMSSE

MCB test on RMSSE
E

T
S

N
or

m
al

E
T

S
P

oi
nt

N
or

m
al

E
T

S
G

am
m

a

E
T

S
P

oi
nt

G
am

m
a

E
T

S
A

ut
o

E
T

S
P

oi
nt

A
ut

o

E
T

S
Lo

gN
or

m
al

E
T

S
P

oi
nt

Lo
gN

or
m

al

E
T

S
IG

E
T

S
P

oi
nt

IG

5.
2

5.
4

5.
6

5.
8

Ivan Svetunkov, John E. Boylan ISF2021

How to Make Multiplicative ETS Work for You



Introduction Properties of ETS(M,*,*) Distributions Experiment Finale References

An experiment. MCB on sMIS

MCB test on sMIS
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Conclusions

• Point forecasts are neither arithmetic, not geometric means in
ETS(M,*,*) models;

• The difference is bigger with the increase of h, variance of
error and smoothing parameters;

• We can use log Normal, Inverse Gaussian and Gamma
distributions for the error term;

• We can have an automatic selection between them;
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Conclusions

• Point forecasts are better than expectations for Normal...

• ...but they don’t make sense!

• For all the other distributions, expectations are better;

• Differences in terms of point forecasts are not significant;

• As for sMIS, ETS Auto and ETS Gamma are better than the
others;

• All of this is already available in adam() from smooth;

• Also check out the textbook (work in progress) on ADAM:
https://openforecast.org/adam.
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Thank you for your attention!
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